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D i f F E R E N C E  METH ODS FOR STIFF O R D I N A R Y  DIFFERENTIAL EQUATIONS

Heinz-Otto  Kreiss

1. introduction.

One of the s imples t  examples  of a s t i f f  d i f ferent ia l  equation is

tri e sca la r  equat ion

( 1 . 1 ) dy/ dt  a
1

y + be dt
, y(0)  = y

0, 
t > 0

Here a
1 ~ 

b , d are com plex valued cons tan ts w ith a = Real a 11 
< 0 and

Real i < 0.  Also a
11 

I >> i but  b/a and d are of moderate

size. A typical example is given by a
11 

= -l0~~, b/a 11 
= 1 , d i .

The expression ‘of modera te s ize ” is rather vague . It depends on the

s tepsize  k one wants  to employ in a numerica l  calculat ion.  Often it

is s a t i s f a c t o r y  to say that  K is a constant of moderate size if Kk < 0 .  1.
¶

The solu tion of ( 1 . ! )  is given by

y( t )  y
1

(t)  + y 2 (t )

where

b dt b a
11

t
y

1( t )  - ~~~~~ ‘~~e , y2 (t)  = (y 0 + a
11 

— d )e

T h i s  the solut ion consis ts  of the forced solution y
1

(t) and the transient

solution y~ ( t ) . The forced solution is smooth and varies slowly. For

the t rans ien t  solution we have two fundamenta l ly  different si tuations.

Sponsored by the Uni ted  States Army under Contract No. DAAG29—7 5-C-0024.  
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1)  ~ = Re al a ~ - [ .  In this case y 2(t) decays rapidly. Outside

a boundar y l ayer of order ~ a ~~ log l a  I I )  we can neglect y2 (t) .

2) Real a
11 

is of moderate si ze. Now y 2(t ) oscillates rapidly

but does not decay quickly .  We shall not treat that case.

This division of  the solution into a slowly and a rapidly varying

part is typical .  Let us consider a general system with constant coefficients

(1.2) dy/dt = Ay + F(t), y(O) = y0, t~~ 0,

where y = (y(1) . ~~~~~ and F = (F~’~, . . . ,  F~’~~)I ~ are vector

functions with n components and A is a constant n X n matrix. We

shall make

Assumption 1 . 1. The eigenvalues X.  of A can be divided into

two sets M1, M2
.

1) x . M if Realx . << -1 and I m X . I  < pIRea lX .I
J 1 ) J =

2) x c M if Ik . I c
2 ,j 2

Here p, C are constants of moderate size .

We need also the following concepts :

Definition 1. 1. A matrix function A = A( t) , t ,? 0

a
11 

a 1 

a anl nfl

1) *If y is a vector then y ’ denotes lt~ transpose and y its adj oint . The
vector norm is defined by ly l  = max I y~~~L Similar notations hold for
matrices , for example A l  sup l A y l / l y l .

y
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is ~~1le : n e q a t iv e  i on i in an t  i f there is a constant p of moderate size

~u h tha t  ~or all > 0

( 1 .  ~
) l i m  a !  p I  Real a . ,  I , i = 1, 2 , ..

~in.i t .‘u n s t ~in t  6 wi th  0 ‘ 6 < I such that  for all t > 0

1 . 4 )  Real a -1, 
~ 

a < -(1 - 6) Real a . . ,  i 1, 2 , . . . , n

It is called e s sen ti a l ly  nega t ive  dominant  if ( 1. 3) , (1 .4)  are replaced by

l . 3a) j im a .. ~ .~~ p I R e a l  a11 1 + C

(1 . 4a) Real a . < c
11

n ~— l  - i )  Real a . + c sf Real a ., < 0

( 1. 4b) ~~~
‘ Ia . I 4 11 11 —

j=l , j;i ~ 
— 

l~c - Real a . .  if Re al a . .  > 0
1]. 11

where c is a constant  of moderate size.

It is well known that there is a t ransformation S such that  the

matr ix  A of the system ( 1. 2) can be transformed to

A 0
1.5) A = S 1 AS = 

11 
A0 22

where the eigenvalue s of A . .  belong to M ., i 1 , 2. A
11 

is negative

domi nant and (A
22 

I < Zc. Without restriction we can assume that A

is already in blockdiagonal form (1. 5), i.e. (1.2) can be written as

A 0 y’ F’

(1. 6) dt 
y” 

= ~ 
A22 y” 

+ 
F”

—3—



Of course , we ca nnot guarantee tha t  ( SI  * s~’ ( is of moderate

si ze. However , if this expres sion is large then the original dependent

vari ables y had not been correctly choosen and we can consider S

as a scaling of y . In the next section we are going to prove

Theorem 1 . .~~~ The solution of j .  6) can be wr itten in the form

y(t) = ~~~~ v( t)

—1 1 IIHere y5(t) and its derivatives can be estimated by A
11

F , A22, F

and their der ivatives.  v(t)  is a solu tion of the homogenous system ( i  .6)

with ini t ia l  values

v’(O) = y’(O) - y~(0), v
’1(0) = 0

By assumption the eigenvalues X of A
11 have the property that

Real X . << -1. Therefore v(t) decays rapidly and , outside a boundary

layer , the soluti on y of ( 1.6) is as smooth as y5(t) .

The last theorem is a special case of the following theorem for systems

( 1.7) dy/dt = A(t)y + F(t), t > 0

with va riable coefficients.  (See also [ 2  1.)
Theorem 1.2. Consider the system (1.7) and assume that A is

essentially negative dominant . Then the solutions of (1. 7) can be written

In the form

y(t) = y5(t) + v(t) ,

where ys(t) and its first p derivatives can be estimated by c, 6 .  p and

the functions

—4-
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(I. ~
) m in (  (a

1 i ~
, I Jd~ a /dtV

, m i n I  (a t .  
I
, l ) d ~ ~

( 
~

)
/dt v

, ~ = 0, 1 , 2 , . .  . , p .

v~t ) is the so lu tion  of the homogenous equation

~1. ~) ~iv/ dt  A ( t )v , v ( O)  y(0)  - y
5

(O)

wh ich  away fro m a bound ary layer has the same smoothness properties

Ysi t ) .

As sume that  the func t ions  (1 .8 )  are of moderate size . Then the

boundary layer can always be resolved by making a logari thmic stretching

of the independent  variable t. If we do this , the solutions of (1 .7 )  will

be smooth everywhere .

It should be pointed out , that  we do not make any assumption that

the number  of “large ’ elgenvalues of A is constant.  Thus we are able

to treat turningpoints .

One might  think that the conditions of Theorem 1. 2 are too restrictive.

We shall give three examples which show that this is not so. In all

these examples e > 0 denote s a smell constant and t .~~~ -1.

1) Consider the system

0 0

a a21 22

where

( 1  for - 1 < t < 0  ( -l for - l < t < 0
a 21 

= 

~~e
_ t 2

~~ for t > 0 , 
a 22

(t)  = 

~~_e t
~~ for t ~ 0 .

— 5 —  
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An easy calculat ion gives us

~ y
( l )~~~ ) t >

and

y( l ) (~ j ) ~ ~ (t+ 1)/e (y
( Z) (~~ ) - y

(1) (~~l))  for -l ~ t < 0 ,

y~
2
~( t )  = 

t/~ 
e

_
~~

t
~ ~~~d~ y~~ ( -l) + e~~~

t
~ 

0)
Y

(2) (0) for t > 0

where

~~l j  ~~~~~~~~ i .e. 0 ~~~(t ,1) ~~l

Thus y~
2
~(t) changes 

rapidly in a neighbourhood of t = 0 and becomes

of order ~(
-1/2 (y~~(-l) I) for t >0.

(2 )  _______________________Y

-l +1

2) Consider the system

0 —2

— l y, y( —l ) =

a 21
(t) c 0

whe re

(o  for t~$~0 ,
a , (  22~ —t for t > 0

-6— 
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— ~~~~~~~~~~~~~~~ ~----w 

~~ 
t)  (1 , 0 ) ’  tor  t 0 ~~~ converges r ap id ly  to zero for t > ~ ( \ c ) .

C~.s~. rve tha t  the o c f r i c i e n t s  a or a
1
da . ./dt are bounded.

i i 1J ii

Thus tne diagonal dominance of A is important.

3) One m i g h t  t h ink  tha t  one has only  to control the eigenvalues of

A . .~n.i their  va r i a t ion  to be sure tha t  the solut ion of the d i f fe rent ia l

equa t ions  is of moderate  size and smooth.  This is not so. Consider

the system

c = U (t ) (  
~I 

~~ 
) U t Y  = A (t)y , y(0)  =

where r~ > 0 is a constant  and

cos at sin at
tJ (t)  = , a = const. ,

-sin at cos at

is a un i ta ry  t ransformat ion.  Let v = Uy denote new dependent variables.

Then v is the solution of

iv -1/c n / c - a
v z B v .

a -1/c

This is a system with constant coefficients and its general solution

has the form

v(x) = 

K
1
X 

+ e
K 2

X
I 2, 

~~~

. = _c~
1 

± ~~~~~~~ - a)

Here 
~
< . are the eigenvalues and I , are the corresponding eigenvectors

of B. As long as a(~ /c - a) < c
2 the solutions of the system decay

exponentially. However , if a ( r i/e - a) > ~~
2 then there is one

-7-
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e X p Lf l e n t i  t h y  in~ re~e; i f l g  mu one xpo r e n t i a l l y  f e er e a s i n g  so lu t ion .

Thi s h u p p en s , t or  e x amp l e , i i  2, n = c 1 2. Ohserve, that

thc ige nv~t 1ue~ or A t)  .irL ~un~ tant  an that U (t) is a slow rotation .

The dbu v ~ cx p ies show that one needs to be caut ious  when

solving s t i f f  s y s t e m s .  It is , or .2uu rs e , not necessary  that  the sys tem

( 1 . 7 )  i.~e ~ ssentia l1y . iiagonal ly dominant . It  is s u f f i c i e n t  tha t  one can

t r ansfo rm it  to th i s  normal form . In section three we shall show that

t h i s  is a lways  poss ib le  u s in g  an adequa te  s t re tching of the independent

va r i ab l e s .

We shall  now iis~~u ss  di f ference approximat ions .  We divide the

t -axis  into sub int erva l s  of length k , def ine gridpoints t = vk ,

= 0 , 1, 2 , . . . and denote by u u( t ) vector funct ions defined on

the grid.  We approximate (1. 7) by a mult i s tep-method which is generated

from an ident i ty

( 1. 10) 
~ 

a y( t .)  + k~ dy(t .)/dt = k~ ( t )

where

(1.1 1) ~( t )  = ~ (k
r_l

d
r
y/dt

r
)

denotes the truncation error. Observe that (1.10) has nothing to do with

the d i f fe rent ia l  equation . It is valid for all su f f i c i en t ly  smooth functions .

Only when we replace dy/dt by Ay + F the differential  equation enters

and we obtain the corresponding mul t is tep-method ,

—8—



(1.12) 14 u J  
J~~i l 

~~~~~ , i H )) 
V t G~ 

~j =~~l 
P 1  t )

( 1 . 1 2 )  i l so  w r i t t e n  3 5

(~ 
I * k~~ A t  fl u - ~ (~~ I + k~ A t  ) )u  . ~ kG

— 1 — 1 ~-f1 v + l  
~~~ 

V —  v — j

~~~~ ~~~~~~~~ t e i t  ‘ 1 1 un t h a t  0 . Then ~~~~ + k~i 1
A ( t  ~ 

I

e:~:is ts  it  e r : ~~nv  ~i~~. :s ~ or A ~~t L l s f y  th e  ne~~su l i t y

k e u l  \ > — l

N u w  the s o lu t i u n  01 ( 1 . 1 2 )  is u n i q u e l y  d e t e r m in e .: if we spec i fy  ini t ial  values

+ I ~ k r -I  
) ,  ~ = 0 , 1, 2 r

~I ~i ~

The .upp ru ~ :im ~~t i un  is on ly  u s e f u l  i f it  is s tab le .  However , here we

uinn ot  d e f i n e  s t a b i l i ty  by de sc r i b ing  the behavior  of a metho d as k 0 ,

because we want to use i t  in the case tha t  k I A ]  >> 1. Instead we

.: o n s i d e r  c lasses  ‘
~ of problems (1. 7 ) ,  and def ine  un iform s tabi l i ty .

Let t2 be a domain  in the complex plane with  the following properties

1) There is a constant C~ ( o f  moderate size) such that z E 1�

anu Real z >0 implies I z I  < C
1
.

2) If z t2 then also ~z E 12 for all real ci with 0 < ci < 1.

We shall consider  the class ~ ( 12) def ined by

D e f i n i t i o n  1 . 2 .  ‘“112) ‘ “ ( i 2 , c , p , 6 , K) denotes the class of problems

(1. 7) where  A is essent ial ly  negat ive  dominan t , the funct ions  (1. 8) are

bounded by a cons tant  K (of moderate s ize)  for p = 1 and the eigenvalues

\. of A belong to Q.

- 9—
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.

St~t bihity is f e l i n e  J a l m o s t  as usual. We assume that one can solve

( 1 . 1 2 )  :ur u
1 boun de. .i I y  m d  t ha t  the solut ions  of (1.12) increase at

::~u.s t  s l u , v f y .  The only r i f t .~r enue  is tha t  all  the :onstants involved are

indep .u :  r e n t  of the particular problem but hold for the whole class.

e t i n l t i o n  1. 3. Cons t der  a class ~~
‘ of problems (1. 7). A multi—

Ste ’-:nethod 1. 12) is stable for the class if there are constants Ky K5, 
~s, (0)an d  K > 0 such  that for all problems in ~

‘
, all t , and all k

wi t h 0 < k < k 0

1. 1 3)  I (a
1
1 + kp 

1
A( t)) ~ j <K s ,

and the solution of the homo genous equa tion

(1.14) L [ v J  
,~~~~~~~~ 

(a~ I + ~~~~~~~~~~~ = 0

satisfy the estimate

-y (t —t ) r
1.1 ~) (v(t ) I < K e S ~ ~ (v(t .) I , t > tS 

j=0 
V~~J V

Already G. Dahlquist  [1] has defined the stabili ty for classes of

prob lems. He considere d the class of all scalar equations

1.1 6) dy/dt = ?~y, k = const. Real >~< 0

and proved that the trapozoidal rule is the “be st method” (method of the highest

order with the smal les t  coefficient of the truncation error) which

is stable for the class ?~~~~~ . Later 0. Wj dlund [8 ]  introduced the class

1 
= Y

1(p) of all scalar equations (1. 16) where K satisfies the condition

-10- 
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~

( 1 .  17 )  kc .m I \. 0, ( I n  k j p (Real K

ru:.. : tuc m t  th t . r k are methods  of h igher  order than two which are

~ t , m : . l  :~ r :~u ii a lass. There are now a large number  of stable m e thods

, v u l ~~rJe. S~~ :~~r example [ 3 (, [ ] .  More generally, one can

c r151 ~~~ c l m s . - e s  ‘ t 2 )  u I  scalar equa t ions  (1 .16) where K belongs

tu a do:~ a i r .  t2 u t  the above type .

We cun ~~i .:er now the approximat ion  (1 .12 )  for the class ? ( 1 2 ) .  In

t n i s  case the solut ions can be given expl ic i t ly.  They are of the form

(1. 18) u = ~~

where  the K are the solut ions  of the charac ter ist ic equat ion

~l . h ~ ) ~~. + ~~~~~~~~ = 0
j = — 1

anu the P are polynomials in v of order one less than the mul t ip l ic ity

of K . We make the fol lowing

Assumpt ion  1 . 2 .  1) The approximation (1.12) is stable in a neighbour-

hood of Kk = 0 which  means :

a) For \k = 0 the solut ions of ( 1. 19) sa t i s fy  the condition

( 1. 20) ( K  ( 0 ) 1  < 1 .  If ~< ( 0 ) 1  = I then its mul t ip l ic i ty  is one

b) No weak ins t ab i l i ty  occurs , i. e. in a neighbourhood of Kk 0

the solutions K ( K k )  with ( K  ( 0 ) 1  = 1 are of the form

(1. 21) K (\k) = ~ (0)(l + g K k)  + 0(Kk)
2 

with g > 0

—11—



2) ihe app r~~xc: at i on  is stable in a neighbourhood of Kk

(Dividing (I. Pm ) by kk we curl consider its solutions ~ms functions of

(~~k)  .ini the s t a b i l i ty  is ae l i ne d  in the same way as above . )

3) Let ‘iiith 0 < d
1 ~ d 2 < -~ be constants  and denote by

the domain
d1, a

2

z 
d 

if Real z 0 and d 1 
< (z I <

~ d 2
~l’ 2

If Kk 12 1] then the solut ions K of (1.19) s a t i s f y
d 1, 3 2

( 1. 22 )  1~< <~~ - T > 0 a constant  depending on d , d1 2

Remark.  The last  condition is often strengthened to:

For every fixed d1 
> 0 there is a constant T such that (1. 22)

holds for all d 2
. In this  case we call the method strongly stable.

As an example we consider methods which are generated from the

identi ty

(1. 23) y(t~~ 1
) - cikdy(t  ÷1)/dt = y(t ) + (1 - ci )dy( t  )/dt + km~( t )

where ci is a constant.  ( 1. 23)  leads to the approximations

1 + k ( l  - cr ) K
u = u

ti+ l 1 — k c r K V

which are unstable for any class ~t1( p )  if ci <~~~~; stable , but not

strongly stable , if ci = and strongly stable if ci >

Now consider a class W of problems

dy/dt A(t)y + F

— 12 —
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an d ~1s su n e t n u t  the  cu ss is such tha t  the  e igenva lues  k( t )  of every A

belong to a set t~~. Approximate  these problems by a mul t is te p-method

which  is s table ro r the c lass  7 ( t 2 ) .  The m a in q es tion wh ich we wan t

to discuss in Section 4 is whether th~ multistep-method is also stable

for the class ~
‘ . In th is  genera l i ty  the answer is no , as we shall

remonstrate now .

Consider our third example , i.e.

d Ti

(1. 24) c = U (t) U(t)y = A( t )y ,dt 0 —l

an ..~ approximate  it by the mul t i s tep- rn e thod generated by (1. 23) with

i . e.

(1 . 2 5)  (I - kciA( t ~1
))u = (I + k(l -

Introduce into ( 1.  2~~) new variables w = Uu. Then we obtain a system

with consta nt coefficients

(1.2 6) w = SWl/+ 1 V

where

-l ~ 
-l cos ak sin ak -l

8= ~~~~~ 
V V I + ( 1 - ci )k  =

c 0 -1 -sin crk cos ak 0 — l

I 0 1 2 ~
I + ak +~~(ak )

0 1 —l 0 0

with

~=~~/(~+~~
), ~~= ( l -~~~~~~~~ )/(l ÷~~~ ) .

— 13— 
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(1. 2t) is an approximation of the homogenous system

dv -l n - a C  —

(1. 2 7)  c = v By
-l

m l  wi . know that  the solutions of (1 . 27)  decay exponentially as long as

= T < 1. We shall now consider three cases.

1) ci ~~~~, c ~~~~ k. A somewhat tedious calculation shows that

e igenvalues  K of B are approximat ively  given by

K ~1 + ± ~J8a~ e - a2k 2

1 2Ii a > 0 and c = czk then we get for the negative root

K~~~ -l+ak(l -~~ 2i~ -l ) ,

and I~< I >1 for q > 1. Thus the approximation has an exponential

increasing solution , though the solution of the differential equation decays

as long as ~ 
< 1/ca = 4/a 2 k 2 . Furthermore the increasing exponential

solution can grow arbitrary fast and therefore the method is not stable

for th e class of problems of type ( l . 24 ) ~

2) ci = 1, e <<k. Now we get

T Ii . 2
K - ± ~~~~ ~~ , T = Carl

If I T I < 1 the method is stable. However , if T <-1 , then the method

is not stable though the solutions of the differential equations decay

exponentially as t -. oo . (rl = ~ (e~~) and the matrix B is far from

bei ng negative dominant . )

— 14—
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3) 1, c k. In this case the approximat ion  has an

e x p o n e n t : u l ly  incr ~. m s i n a  solut on for c c x i I  > T~~ where T
0 

is some

constant  w i t h  0 < T
O ~ I .  Again the ma t r ix  B is far from being

nega t ive  d o m i n an t .

In some sense the mos t  d i s tu rb ing  re sult is the e f f ec t  on the tra pezoidal

rule (~ = ) because the d i f f e r e n c e  approximat ion has exponential

increas ing  solut ions for examples  which cannot be considered pathological

at a l l .  This kind of behavior  is typical  for methods which are only stable

and not s t rongly stable for a class 74 12).

The last  example shows that  one cannot decide the stabi l i ty of a

method for a given class of problems by ju s t  looking at scalar equat ions.

One has to impose other condit ions.  The main resul t  of Section 4 is

Theorem 1 . 3 .  Consider a class ¶~ ( 12) and assume that the

approximation (1.12) sa t i s f ies  assumption 1 . 2  for the corresp onding class

~ ( 12) .  Then it  is stable for the class ~7 ( Q) .

We shall now derive error es t imates .  Consider the problem (1 .7 )

and assume that it  has a smooth solution y(t) ,  i . e .  a number of its

derivatives are of moderate size. if the conditions of theorem 1. 2 are

fulf i l led and the functions (1. 8) are of moderate size , then this is no

real restriction . Either we change the initial conditions to or

we perform a logari thmic scaling of t which resolves the boundary layer

so that  also the solution of (1 .9 )  is smooth . We approximate the problem

( 1 . 7 )  by the multistep-method (1 .12) .  Introducing y(t) into (1.12 ) gives

— I S —
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us , u~~in ~ 1 .1 0)

L[ y J  kG + k~ ( t )

Therefore we get for the error w = y - u

(1 .26 )  L I w ]  k~~( t  ) , w O(k ~~~), ~ 0 , 1, . .  . , r
V ~j  ~j.

If the approximat ion is s table , then ( l . 2 ~~) g ives  us the usual  error

estimate. Observe that ~ depends only on the der ivat ives  of y(t)

and not on the coef f ic ien ts  of the d i f fe ren t ia l  equat ion.  Thus the s t i f fnes s

does not enter .  Thus we need only to inves t iga te  the smoothness of

the solution of the d i f f e ren t i a l  equations and to derive stabil i ty conditions.

Instead of starting from the relation (1.10) we can start fro m

ident i t ies  which contain higher  derivatives , for example

y(t~~1) 
- ~ kdy(t  ~1)/dt + 

~~ 
k 2

d
2y(t 

+1)/dt 2 =
(1 .27)

y(t ) + ~ kdy(t )/dt + ~~ k
2
d
2y(t )/dt

2 
+ k 5q 5( t )

or

y(t~~ 1
) - ~ kdy(t ~1)/dt + ~ k 2d 2

y(t ~1)/dt 2 =
(1.28) 1 4

y(t ) + ~ kdy(t  )/dt + k 1i~4(t)

wh ere

I~ 5( t ) ( ~ 
~~ t t t

+l 

I~4 t)( 
~~~~~~~~~~~~ 

t~~ y/dt4
i
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Ub .~crve the ~~.:trccne1 y smi l i  con s t an t  in t r on t  ( 1  d
5

y/ it
5 . These two

exam p les are  special  u ses  of the l ade ’ approximations  (p = q 2, and

p — 2 , 4 = 1 respectively)

j 0 

~~i)
1 r ! (r+ g~_~ Ij 

~~~~~~~~~~~~

( 1. 2t~ )

~ 
•

(r~+~~~
q
1)!

)1 k~d~y(t )/dt~ 
+

where

(r + qH ( r + q + I)! 
~~~~~~~~~ 

~~~~~~~~~~~~~~

If y t )  is the solution of the differential equation (1.7) then we

can rewrite the above relations as relations between y1t~~ 1
) and y(t ) .

The coeff ici en ts then de pend on A, F and their derivatives. We obtain

the d i f fe rence  approximations by replacing y(t~~ 1
) and y(t ) in these

las t  re la t ions by u +1 
and u , respectively,  and neglecting 4i.

For example , if y(t) is the solution of the scalar equation (1. 21) then

d3y/d t~ = K~y

and the difference approximations corresponding to (1. 27) and (1. 28) are

( 1 - kK + ~~ k
2 K 2 )u +1 = (1 + kK + 

~~~~ 
k 2 K 2 )u

and

(1 + ~~kK)u~~ 1 
(1- ~~kX + ~~k

2
K
2
)u

resp ectively.

- ,  -.

~~

.- -  

-17- 
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EhIe I 3 j  has prove .I t ha t  the methods based on ( 1. 29) are stable

:~.r t he l . i s .~ ‘

~~~~ 

if p q and s trongly stable if p q + 1 or

p q - 2 .  ih er e  m r e  no new d i f f i c u l t i e s  in proving theorem 1 .3  also

t ur  th i s  typ e  or approx ima t ions .

Ih ere  is a large l i terature on methods  of th is  type , for example

~ 1, [7  J ,  [ .
~ J .  Sometimes they are not derived from identities between

smooth funct ions  and the i r  der iva t ives .  This can be dangerous.

Approxim ate , for example , the d i f fe ren t i a l  equation (1. 1) by

(1. 30) (1 - ka 11) 4u (1 - 3ka 11) u + k( l  - ka 11
) 4

bedt

which is s t rongly stable for the class It is consistent in the usual

sense , i . e .  the solutions of (1 .  30) converge to the solution of the

d i f f e r e n t i a l  equation ( 1.1) as k 0. However , the convergence to the

smooth part , y~ ( t )  is not uniform for the whole class.  Let b = a11
and y

0 
+ b/( a11 

- d) = 0. Then

l im y = _e dt but J im lu I =
a11 — -

~~~~

There are no difficulties to derive algebraic conditions for uniform

convergen ce . One can develop the solutions of general systems (1.7)

into asymptotic  series. The same is true for the solutions of the diffe rence

approximations.  Comparing these series give s algebraic conditions for

u niform convergence.

-18— 
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2 .  t h e  a n a ly t i c  j rob lem.

In th i s  S e L L i C O  we c o n s i d e r  the initial value problem (1.7)

( 2 . 1) dy/ i t  = A t )y  -
~ i t ) , y O) y

0 , t > 0

~.vher e A ( t )  is  nega t ive  J o m i n a n t .  This is no restriction , because if

A t )  is only  e s sen t i a l l y  ne ga t ive  d o m in a n t  then we introduce a new variable

-at
y = e  y

an obtain tne sys tem

d y/d t = (A( t )  - aI)y + e at F

w h i ch  is negative dominant , provided a is suf f ic ien t ly  large. We want

to e s t i m a t e  the solut ions  of (2 .  1) and start with

Lemma 2 .1 .  Consider the d i f feren t ia l  equation

(2. 2) dy/dt a11(t)y + F(t), a( t) = Real a11 ~ 0

Then the following estimates hold

(2. 3) y(t) I < t  max I F( r 1)  I + s( t )  y( o) I ,

(2.4) (y(t) 1 < max I F ( r 1)/a ( q) I + s( t) I y( O) I if a < 0 ,
0( ~~ <t

where

t
f  a(~~)d~o

s(t)  = e .

Proof. The solution of (2 .  2) can be written down explicitly

a 11
(~~)d~ a11(~~)d~

y(t) = f e~ F(~ )dTi + e ° y(0)

0

-19~ 
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The f i r s t  i n e q u a l i t y  to l lo i .’s from

a(~~)d~
(e Ti < c Ti < 1 .

Furthermore ii a 0 then

a11
(~~)d~

y) t) J - s(t)J y(O)J < If e Ti F( q)d~~I ~
0

a(~~)d~

I f  a(~~)e
Ti ( F ( ~~)/a(~~) ( d ~~I <

0

d ~ 
a(~~)d~

I I ~~~e d 11 max
11 

~~~~~~

which gives us (2 .  4) .

We consider now the homogenous system

( 2 . 5 )  dv/dt A(t)v

For its solutions we have

Lemma 2. 2. Let t 0, t be real numbers with 0 < t
0 

< t. Assume

that A is negative dominant then

t
6 f  a(~~)d~

I v ( t ) I ~~e 
to (v( t

0
) ( , a = ma x Real a , .

i. e . ,  th e solution operator S(t , t0 ) of ( 2 . 5 )  sat isf ies  the esti mate

-20—
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6 
~J u~~ )d~

( 2 .  ~ ) I S ( t , t0
) I ~ e 0

I ruc t. Let k = ( t  - t 0 )/N , N na tu ra l  number , and denote by

t t o k 4 r i d p o cn t s  and by w = w(t ) functions defined on the grid

t o t l 
t N l  

t N

W~ approximate  ( 2 .  5) by

(I - kA (t ~~))w 
+1 = 

‘ 
w0 = v(t 0

)

By a s sumpt ion  A is negat ive  dominan t .  Therefore for su f f ic ien t ly  small k

(1 - ~ka( t ~~ 1
)) J w ~~ 1 

< jw  I

i .e.

I <~~~~~~~~ (1 - ôk a ( t  ±1
)) ’ w

~ I

We k now that , as k — 0,

t
6 f  a(~~)d~

w N 
v( t ) ,  ~~ (1 - 6ka( t  

÷
~)) l e 

0

Therefore the es t imate  ( 2 . 6 )  follows.

For the system ( 2 . 1 )  we have

— 21—
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Lemma 2. 3. Assum e tha t  A is negative dominant .  Then the

l utiun ut (2.1) satisfie s the estimates

( 2 . 7 )  I y ( t )  I < t max  1 i) I  + s ( t )  I y (0)  I ,

-l * -1( 2 . s )  I y t I  < 2 ~ max i ( A ( q )  + A ( i) )  F( 1) I + s( t) I y (0) j ,

.~iher e

~ f a(~~)d~
s ( t )  = e 0 

, a = ma x Real a . .

a n :

a11 0 0

o a
22 

0 . . . 0

0 a
nfl

Proof. The f i rs t  est imate follows from lemma 2. 2 and the representa-

ti on

t
y(t)  = f S(t ,Ti ) F(rl )d rl + S(t,O)y(0)‘O

We are now going to prove the second estimate . By lemma 2 . 2  we can

assume that y(O) = 0. Let t be fixed and denote by M the space

of all continuous funct ions  g( t )  with g(O) = 0. The system

C0y dy/dx - Ay = F

-2 2—
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ii t .- a u n i . .ice su l u t i u n  w t , hy lemm mm .. m 2.1

-1
II ~ i i i  2 l~(A  A ) I 1 , Ig II = max i g i ~~) I

o < ~~~ t

:.~~t : n , t u  th e  r . po ra t ur

= A - A ) y ,  y M

v ... can ,-.r i t e  tn c . i  :e r  n t i .a l equa t ion  ( 2 .  i~ in th e form

(I - £~~~1)y = £0
1F

D e f i n i t i on  1.1 ~n d ( 2 .  ~) i c . p ly

Ic ~
1.r 1y II ~ 2 II ( A + A ~)~

1
~~1

y II < ( 1  - 6) II y II ,

d f l -  toe o st u cu t e  ( 2 . 8 )  . 11. . v s tr om ( 2 .  9 ) .

The as su : : p t l u n  t o u t  A is o e d a t t v e  uo rn inan t  imp l i e s  that

0 — 1  ~~— l * — l
( 2 . 10) (~~~+ A  A l  -~ i ( \  - A )  A l  ~ I A + A  ) l A - A ) H~~~(p + l -  6 ) .

Thus ( 2 .  ~ ) an also be exp r e .~s e :  as

_______ 
— l

(2 .11 )  l y t )  < max I A  (~~)F (~~) I + s(t) (y(0) I
O n t

We shall now prove theorem 1.2. We use the nota tion F~ 
~~ ] = d

V
F/dt

v

and start with

Lemma 2 . 4 .  Assume that  A is negat ive dominant .  A I AI V j

A I F[ ~~~~~
, v = 0 , 1, 2 p; can be es t imated  by the funct ions  ( 1. 8) .

Proof. Denote by A the diagonal  of A. Then

1A 1AE V I < N ’ + A 1(A - A)) 1 I I A ~~A~ ~ I

—23—
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By a s s u m p t i u r i  u I  > 1 1( 1 A
1 ( A  - A ) )

’ - ~~~~~~~~
. T h u s  Ii~~A1 V J

can Lu ~‘ u t i : i a t~~. i  by . \  
I
A w n i c h  is ‘:o:; .p s mu of t e rms  d 

1 .~t v J
i i  13

The same pr ’~. mo re w o r k s  tu r  A l i . ! i I to .. l e m m i r s i is p r o v e d .

Lemma 2. 5. Assu ~~e t o u t  A is n i  i t i v e  i om i n u n t  an d . i e f i n e  C(t)

by A t )  = A ; O ) C i t ) .  I ru ri  C~ ~~, (U l) r ~J 
i’ 0 , 1 , 2 , . .  . , p ;  can be

es t ima te . .: by  A I A I 
, 

~‘ 0, 1 , 2 , . . . ,

Proof. Lu t  B .: A :A/ ~ t .  ‘I ’hen A i s  the solu t ion  of

*aA /Jt  : B A

*C ( t )  is the so lu t ion  operator of t h i s  d i f f e r e n t i a l  equa t ion  and therefore

the lemma fol lows fro m well known e s t i m a t e s .

Lemma 2. 6. Assume that  A is negat ive  dominan t .  The solution

y t )  of ( 2 . 1 )  and its f i r s t  p der ivat ive s can be es t imated by

( 2 . 1 2 )  ~[ V ] ( o )  A 1A[ v ]  A I F I ~~ v = 0, 1, 2 p

Proof. Di f fe ren t ia t ing  ( 2 . 1 )  g ives  us

( 2 . 1 3 )  j [ V J / d = Ay~~~ + 
~~~ ( V ) A~~~~~i y [~~l 

+ F
{t }

The refore the lemma follows by induct ion from (2.11) .

A s imple consequence of lemma 2. 6 is

Lemma 2. 7. A s s u m e  that  A is negat ive  dominant  and that

(2 .14) y ( O )  = 0 , F~~
1 (O) = 0, v 0 , 1, 2 , . .  . ,p  - 1 .

Then the solution y( t )  of ( 2 . 1 )  and its f i r s t  p der ivat ives  can be

estimated by

— 24—
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( 2 . 15) A 1A I 1 , A~~ F1 ~~
, 0, 1, 2, .. . , p

~r oo t .  (. 2.13 ) implies y[ V I
(o) = 0 for = 0 , 1, 2 , . .  . ,p .  Therefore

the lt. r mcc a  m o l l 0 w s  tr o r. l emma 2 . 6 .

.
~~~~ now prove the f i r s t  p a r t  of theorem 1. 2 by re ducing  the

:- . .‘n cnl  case to the special  ~ase ut  lemma 2 . 7 .  C o n s i d e r  the sys t em

mw/u t Aw + F

‘,vhe re

~ =~~~~~~~~~A~~~ ( 0 ) ,  ~ = 
P~ l 

~

in a ne i .~.h bo ur hco . .i of t = 0. We seek a solution of the f orm

p — I  V

( 2 . 1 7 )  w t )  w + ~~~~t ) , ~(0) = 0

In t roduc ing  ( 2 . 1 7 )  into ( 2 . 1 6 )  give s us

( 2 . 18) d~ /dt = Aq ’ + f~~t), q(0) = 0

with

p— I V V V ! W

6t )  = 
V 0  

( \ ~ A~~~
1( 0 )  

~~ ! ( V  -4 !  - +1 + F~ 
v 1

( o ) )  + t~ f 1(t)

where w = 0 and f
1( t )  is a polynomial  in t w i th coeff icients depend-

ing l inearly on A1 V 1( 0)w . Choose now the w such that

( 2 . 1 9 )  
~ 

A l (0)~~~ (
V
~~ ) ,  w V+l + F ~~~’( O )  = 0 , V = O , l , Z , . . . , p - l

We shall show that this  is always possible . Let

L = - 

V 

A l (O ) A ~~~

—2 5— 
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i ti 2. I a )  can be wr i t t en  in the form

( 2 .  2 0)  w - A~~ 0)w ~ 
= L - A ’( O ) I ” ~ ~(0), ~ = 0, 1, 2, .. . , p - 1; L

0 
= 0.

( J O s e f Vc  t h . . i t  L .kp e n.d s only  on w with j  V and that w = 0.

I h e r u t u r e  i f  .vu o eJ l e . t the term A ’(O ) w +i then the w are uniquely

e l u r .l f l e  by ( 2 .  20) and can be estimated by A l
(o)A

[ V 1 (0) A l( o)F E v i (0)

Ihe  sa mme is true if  I A ’ 0) I is su f f i ci en t l y smal l .  If A 1(0) is not

small , then the determinant  D of the linear system (2 .  20) can vanish.

Hc ’.~. . v e r , by tn t r o .. iucing a new variable y = exp(at)y into (2.1) ,  we

~an aIW t y S  choose a such that  D ~ 0. Observe that  D does not

ian i sh m u n t :  cally.

In a neighbourhood of t = 0 the system (2 . 18)  satisfies the

c.. n iition s of lemma 2.7. Furthermore the derivatives A I
A
[ V J 

A
I
F
[V J

can be es tima ted by A l
A

[ V l  A I F [ V I . Therefore, also q’(t) can be

es t imated  by these funct ions .  This is also true for the solution of (2.16)

if  we choose

(2.21) w(O) = w0, i.e. , ~(O) = 0

as the in i t ia l  value.

Let ~(t )  C~ be a “cut-off ” function , i . e .  there are constants

~~~~~ 

a
2 

with 0 < a
1 

< a2 < ~ su ch that

for O < t < cx
1

g(t) =
for t > a

2
.

Let w be the solution of ( 2 . 1 6 ) .  Then w = gw is the solution of

— 2 6 —
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( 2 .  22)  :w/ dt  z . Aw + F , F ( dg/ dt)w + gF , w ( O )  w0

It we cflu uSe the 
~~~

., j = 1, 2; s u f f i c i e n t l y  small then w has the same

p r o p e r t i e s  as y in lemma 2 . 7 .  Subtract  ( 2 .  22) from ( 2 . 1 ) .  Then

u — y — w is the solut ion of

( 2 . 2 3 )  du/dt Au t A - A)w + F - F, u(0) = y(0) - w
0

u can be wri t ten as u u 1 + v where

dv/dt Av , v( 0 )  = y(0) —

a n d u
1 is the solution of the d i f fe rent ia l  equation (2 .  23) with homogerious

in i t i a l  value . For u
1 the conditions of lemma 2 . 7  are fulf i l led and

the f i rs t  part  of the lemma is proved.

To prove the second part of theorem 1. 2 we riced another version

of l emma 2 . 7 .

Lemma 2. 7a. A ssume that  A is negat ive dominant  and that

y(O ) = 0 , F1 
~(o) = 0~ V 0,1,2, . , p - 2

Then the solution o f ( 2 .1) and its first  p derivatives can be estimated by

A I A[ V J  A I F[ V j , V = 0,1, 2, . .  . ,p ; and F[Pl } (o)

Proof. ( 2 .  13) impl ies  y 1 V 

~(o) = 0, V = 0,1, 2, . . . , p ; and

y~~
1 (0) = F~~~~~(O). Therefore the lemma follows fro m lemma 2 . 6 .

We need also

Lemma 2 . 8 .  Assume that  A(t) is negative dominant .  Let v(t)  be a

solutio n of (2 .  5). Then

— 2 7 —
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( t ~ v) 1 
~~~, t~ v 1 ~~~~~~~ V > ~~, V~ ~ - 0, 1, 2, . . . , p

can be e s t im at e d  by

—l [ r JA A , T = 0 , 1, 2 .  p; ari ’i v ( O )

Proo f. It is clear , tha t  we need to prove the theorem only for t~
’v 1 

~~~ .

Let i; t
V

v.  Then w is the solution of

dw/dt = Aw + Vt ’v , w(0)  0

We ha ve to prove tha t  w 1 ~~~, ~~ 0 , 1, 2 , . . . , v; can be es t imated by
—1 [T JA A , r = o , 1, 2 , . . . , p. For p 1 th i s  follows directly fro m lemma 2. 6

beca use A 1
dv/dt = v. The general case follows by induction using

l emma 2. 6 , and the observat ion tha t  v 1 ~~ can be expressed by deriva-

t ives of lower order us ing  the d i f fe r en t i a l  equat ion ( 2 .  5).

The las t  lemma shows , tha t  outs ide  a “smal l”  ne ighbourhood of

t = 0 , the solutio n v(t)  of (2 .  5) and its derivatives can be estimated

by A I A[ v I  We shall now improve these estimates. We shall sh ow,

that if A 1dA/d t is of moderate size , then the r apid ly changing part of

v( t )  is to a f irs t  approximat ion the so lu t ion  of the system

( 2 . 2 4 )  dv
1/dt  = A ( 0 ) v 1, v

1
(0 )  = v (0 )

with cons t ant  coefficients.

Theorem 2 . 2 .  Assume that A is negative domin an t .  Then the

solution of (2 .  s) can be wri tten as

( 2 25) v = v
1 
+e

1

—28—
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where v
1 

is the  so lu t ion  of ( 2 . 2 4 )  in s  is the so lu t ion  of

( 2 . 2 6 )  Je 1,~ ~~t = A (t ) e 1 + F( t , 1 ’ ( t i  ( A ( t )  - A(0)) v
1
(t), e

1
(O) .: 0

Fur thermore  and de 1/dt can be e s t ima te d by A 1d A/ dt .

Proof. In t roducing (2 .  2 5) into ( 2 .  5) gives us (2. 26). By lemma 2. 5

A 1(t ) F ( t )  = 
I - C 1( t )  

A 1( 0 ) t v
1

Lemma 2 . 8 , appl ied to the equat ion ( 2 .  24) , and lemma 2 . 5 show , that

the theorem follows from lemma 2 . 6 wi th  p = 1.

In the same way one can prove .

Theorem 2. 3. Assume that A is negat ive  dominan t .  Then the

solution of ( 2 .  5) can be writ ten as

(2. 27) v(t) = ~~ v ( t )  + e ( t)
~i= I

where v (t )  is the solut ion of (2 .  24) ,  the v (t ) , 
~~
. > 1 are the solutions of

1

dv /dt = A(0)v ( t )  -~- (A( t )  — A (O) ) v  , v (0) = 0
~~

(2 .  28)
= 1, 2, . . . , p — 1;

and e satisfies the equationp
(2 .  29) de~/dt A(t)e + (A(t )  — A(0) )v (t) ,  e (0 )  = 0

Furthermore

e~~
’ ~ V = 0 , 1, 2 , . . . , p, v~~ ~~ V = 0, 1, 2, . . . , = 1, 2, . . . , p — 1

—2 9 —
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can be es t imated by

v(0) and A lA~~~
j

, ~ =

Final ly ,  in the same way as be fore , we can replace A(t) by

p — I
i— A~ 

V 1
(0) without destroying the desired estimates. The resulting

equations can be solved explicitl y and consist of term s of the form t1
~e

X t a

where X. denote the eigenvalues of A(0). These terms generate at

n e s t boundary layers . We have thus proved theorem 1.2.

- 30-
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-I. A nor m al  t e rm for the d i f fe ren t i a l  equations.

In th e  t i r s t  sec t ion  we discussed examples which show how important

i t  is , tha t  the sys tem (1 . 7) is essentially negative dominant and that

the tunctions (I. ~) are of moderate  size . One can also give ano ther

argument. For simplicity we . o n s i i e r  only the homogenous system

(3.1) iy/ ~t = A ( t ) y

where A~t) C~ , p > 1 but A and its derivatives need not be of moderate

size.  Assume  tha t  we want  to solve thi s sys tem by a standard d i fference

method. Then ~~~ .~i sc r e t i ~ e ( 3 . 1 )  and us e po i n t values A(t
0
). Therefore

it is reasonable to demons) , tha t  the equ a t i o n s

cw/ dt  A0w , A0 = A t 0
)

with constant coe f f i c ien t s , loca l ly  descr ibe the sys tem ( 3 . 1 ) .  Fur the

numerical technique to work , i t  is essential , that the solutions of (3. 1)

do not gro w too fas t. Thus , we demand tha t there are cons tan ts K0, c ot

moderate size such that

A t
(3.2a) le 

0 I < K 0e~
t

for all fixed value s t 0 . (3. 2a) implies that the eigenvalues ~ of A
0

sat isfy the cond ition

Real ?~. ~~~ c

Another demand is that the solutions do not oscillate too rapidly. This

leads to the cond i t ion

(3. 2b) Im \ < p Real >~. I + c, p ,  c constants  of moderate size

— 31—
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We shall show that the con h t i u i i~ ( ‘ . a n :  ( L 2b) naturally lead

to mat r ices  w h i c h  are e s s e r i t i a l l ,’ nega t i ve  d om inan t .  We h ave

Theorem 3. 1. Let ~1
(K (). c,p) J enute the family ot all n )< n

matrices for which (3. 2a) an i (3. 2L) hold , an d let 
~ 2~

°’ p ,  6) deno te

the f a m i l y  of n X n m a t r i ce s  which are e s s e n t ia l l y  nega t ive  dominant .

For any fixed K0, 6 there is a universal constant K
, such that for

every matri x A ~1(K 0, c , p) there is a nonsingular transformation S with

Is Is ’! ~ K
1 and S

1AS ~2 (c , p , 6)

Proof. In [ 6  j we have shown tha t  there are universal  constants

K11, K12 such that  for every A there is a nonsingular  t ran sformat ion

T with

—1T T < K
11

and

b b . .  ... b

T
1
(A - cI)T = 

b
22 b

23 . . .  b
2

U b~~

where

~~ 
lb . .  I <K 12 I Real b . .  I , Real b ,. ~ 0, i = 1, 2, . , n

I �i

B y ( 3 . 2b)

Ii m b . . ~ 
p Real b . . + c, i = 1, 2 , . . . , n

— 3 2 —
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Therefore we an choose a Jiagonal scaling

d 0 0

d > O

0 . . .  0 d
n

such that S
1AS , S = TD is essentially negative dominant , i.e. belong s

to ~~~, . Here D I  I D ~~ I only depends on 6 , K
12

.

Now assume that Ait) € for every fixed t and consider the

system (3.1) in a neighbourhood of a point t 0 . Let S~ deno te the

t r a n s f o r m a t i o n  of the las t  theorem. introducing a new variable y = S
0
1
y

we obta in

3. 3) dy/d t = B ( t ) y ,  B(t) = S0
1A(t)S 0

where B t
0 ) is essential ly negati ve dominant .  If A(t 0 ) shall represent

Ai t) in a whole neighbourhood of t
0 

then B(t) must be essentially

negat ive  dominant  in a neighbourhood of t
0 

provided we change 6 to 6

and c to 2c . Thus , we can divide our interval of integration into

subiritervals t , < t < t~~1 
and in every subinterval transform A(t) into

an essentially negative dominant matrix by a transformation S
i 

for wh ich

Is . I I s~’ I is uniformly bounded. A more precise description is given in

Theorem 3.2. Consider the system (3.1) and assume that there are

constants K , c ,p such tha t  the matr ice s A(t) € ~1
( K , c , p ) for every

fixed t. Assume  also that there is a constant K 2 such that for all fixed t

t~~
1
( t )d~ /dt I ~ K 2, A = A - (c + 1)1

—33— 
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Ih en  one can d iv ide  the in terva l  of integration into subintervals

t . ~ t < t~~ 1, t~~ 1 
— t . ~~~ > 0, 1 = const.

an . )  in every sub in t e rval  there is a transformation S. with I s . I t s~ I
u n i m u r r i l y  b ound ea  and S~~A(t )S . ~2 ( c  + I, 2p,ô). Furthermore 8

can be choosen arbitrarily.

Proo f. Let t
0 

be a fixed point. Witho ut restriction we can assume

that  A(t 0 ) is essent ia l ly  negative dominant.  Otherwise we would use

the t r a n s f or m a t i o n  of theorem 3.1 to obtain the system (3.  3). Proceeding

as in l en . ma  2 . 5

A ( t  - t
0

) = A(t 0 ) E(t - t0 )

with

E(O) = I and IdE/dt l = I~.~ dA/dt I <K 2

and the theorem follows.

If the system does not sa t i s fy  the above conditions then using a

numerical procedure directly can be very dangerous. However, we shall

show that we ca n obtain the normal fo rm by combining the transformation

of the dependent variable with a local stretching of the independent variable .

We divide the interval of integration into subintervals t. < t < t.
1 = = i+l

and construct in every subinterval a nonsingular transformation S1 and

a stretching

t — t . = a~(t  — i), a, = t~~1 
— t . ,  i .~

’
~~~i +1 ,

-34—
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su c h  t t i  it  the t r an s  t s r  mc .1 s y s t c n ! 5

( 3 .  ~
) ‘:v/’i t ~~S . ’A l t ) S , v

i :~~
. e s s en t i a l l y  n e g a t i v e  io m i n an t  and the func t ions  (1 .8 )  are of moderate

si.~e. i hen th ..~ s o l u t i ons of ( 3 .  4 ,1 ar” smooth in the interior of every

sch in t e r v u l  i < t < i - I , but  bounda ry  layers  could appear at

t - 1, 2 By len ma 2. ~ we can avoid these by demanding that  the

str c- t ch in ~i cons tan t s  
~ 

do not increase too fas t  and tha t the transforma-

tions Si do not ‘~~~~~~~~j~~ too f a s t , i . e . there are constants d > 1 and

K0 > I of mo .i er u t c  size , such that

( 3 . 5 )  t~~~. j
/a~ ~ ‘.1 , max( I s s .~1 , sT~1s . I )  ~ K0

We shall now describe the details and start with the scalar equation

e dy/dt  = -t r y, y (0 ) = y0 , t > 0

where p is a natural  number  and c > 0 a small constant. Its solut ion is

given by y = ~xp~t~ 
1/ c p  + l ) ) y 0, i . e .  it is a funct ion of t/el/~~~~~.

In a neighbourhood of t = 0 we introduce into (3 .  6) a new variable t

by t = a t , a = cons t . > 0 and ob ta in

p+l~~p
(3.7) dy/dt = - 

a ~ y = a11(t)y

We determine the largest  a such that

( 3 . 8 )  max ( m i n ( l , I a ~~~~) I ) I d a
11

(~ )/dU ~~K .

—



-- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

Here L - I is t h r ’  - s :~h c 1  :o i i s t , n t  ot  m u . :- -: ate Si  ZC . I or s implic i ty

we a s sume  tha t  K — . . , r  : ob t  on

- . I *p l)
— K~~. i . e .  . = C

1/( p~ 1)
Thu s v; - ii .,v~ . 1et - ~ r c . i i i - : t nu  str’.-tu n,~d variabi - .. t r~~ U < t < c = t

1

3. ~ ga , r  : tces t t j a t  t n -  . . l  u t i u n  of the t r a n s t u  i ce d  ‘ ; i f f e r en t i a l  equat ion (3. 7)

is smouth  :01 0 t . 1. ~In .jenera l one has to i n c l u d e  more der iva t ives

in the ~ x p r e s s i u n  ( 3. ~-s ) .  iIu -;.’eve r , for  the equation (3. 6) the inequality

(3. 8) insure s that a11~ t )  and all its derivat ives are of moderate size.

This is qu i te  s um m o n .

‘~Ve .ie t ermine  now the stretched variable  in a ne ighbourhood of t = t1.

Let t t1 + ~~~ t - I ) ,  then the d i f f e r e n t i a l  equat ion  becomes

( t ~ ( t  -

d y/ i t  y =

The obvious modif icat ion of ( 3 . 8 )  gives us a = t1 and we have determined

the stretched variables for 0 < t < t
2 

= 2t 1
. This process can be

continued . After n steps we have obtained the stretched variables for

0 < t < t 2n l
~ . It is clear , tha t  the interval length corresponds

= = n

exactly to the behavior of the solution of (3. 6).

If the given system of d if fe rent ia l  equations ( 3 . 1 )  is essential ly

negative dominant , the n we can use the corresponding procedure . In the

s imples t  case the conditio n

(3.9) max (min (l , Ia~~(t )l )Ida . t)/dt I )  < K , i,j = l , 2 , . . . , n

i < t < i + l

— 36-
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:, - t c i c i l r i e s  . 1 s t r e t ch i n

10) t - t ~ . ( t  - t . ) , t - 1
i i i i - i  i

~ 3. }) to I 3. 1) yives us

( i. 11) : 7/ c t ~~. A t  )y

I t  ~
- 1 tnec  also ( 1. 11) i s  e s sen ti  II y n e q - a t i v s -  : o mi n a n t ,  If 

~~~

. > 1

tb . . :: t:~is r u - e i  no t  be so -~n : ,
.- ; -

~~ h a ; -  to l i m : t  ~ to a v a l u e  > 1

sac:: t n a t  (3.11) . i t i s : l e s  (1. 3a) ,  (1 .  1 ~n : 1. i:4 .

I: tn~ sys  t m :  (3. 1) is not ess~~nt 1a11y ne~ .~ t i v- .:u : r i inant , then we

ii ~;e t~. . t r  i n s  tor n,  it to t h a t  t o rn  . i h i s  . .~n be :ur : e in the following way.

For t 0 we u se  th~ ~ - R . tdc to cons t ruc t  a u n i t a r y  mat r ix  U ( 0)

~;h i :n t r a n s f o r m s A: 0) to upper  t r i an gu la r  for :;

1(
1 

b 1 2  .

0 K b . . . . b .
2 2 3  2n

U ( O i A O ) U : 0 )  
. . . . 

= B1
(0)

0 . . 0 K n

w O o - r  I v , .  I K > > h< I. The next  step is to check whether the

:oni :t i ons  1. 3a) and ( 1. 4 a)  are s a t i s f i e d .  If not , we appl y a stretching

t - ~:t . 0 < t 1, such that  the  eigenvalues of B 2 ( O )  = pB
1

(0)  s a t i s fy

these son i it i o n s .  (This  procedure is not very sa t i sfac tory  and shall be

improved in another  p a p e r . )

The las t  step consists  of a diagonal  scaling

— 3 7 —  
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d1 
0 . . . . 0

0 
~2 ~ 0

0 . . 0 :1
n

such t h a t

(~~. l 2 )  D0
1B 2 10) D

0 = B 3
(0)

sa t i s f i e s  the condition 1. 4b) .

U n t u r t u n a t e l y  I D I  I D ’ I is not always of moderate size. In that

case .- - ..- proceed in the fol lowing way .  Let T > 1 be a consta n t . We

shall -iivid c- the eigenva lue s ~iK . of B 2 (0 ) into classes N . . The class

is i e t i n c d  by

I) 3K i e N
1 if I~3K i I < c

2) ~iK € N ,

3) ~~ K , € N
1 if ~~K i~~ 1 

€ N
1 and I K . I / I K +1 I < T

If N1 does not contain all eigenvalues then there is one elgenvalue

with ~~ K~~~~~
1 

e N
1 but ~~ K ~ N

1
. Then the class N 2 

is defi ned by the

last two rules with 
~~ n replaced by ~~ K .  The other classes are

constructed correspondingly.

Now we construct a transformation H such that

B 0 . . . .  0rr

O B 0 . . .  0
—1 r—l r—1

H B
2

(0)H = 
. . . .

0 . . . . . B11

—38—
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wh er e  e v e r y  B .. is of the same t o r n  as B 2
( 0 )  sin s)  its eigenvalues consist

ut  the c las s  N .  Then we apply  a d iagona l  sca l ing

D1 0 . . . . 0

o D 0 . . .  0
2

o . . 0 D
rr

such tha t

( 3 . 1 3 )  B ( 0 )  = D~
1H 1B 2

( O ) D
1
H

is essent ia l ly  negaUve  dominan t .  If D1H I l ( D 1H) ’ I < I D 0 I ID ~’ I we use

( 3 . 1 3 )  o the r ,v i se  we return to ( 3 . 1 2 ) .

In this way we have constructed a t rans format ion  v = S0
1y and a

s tretching - d t , 0 < t < 1, such that  the system

dv/dt = ~S0
1A (t) S 0v

has the propert y that ç3S 0
1A ( O)S 0 is essent ial ly  negative dominant . Then

there is an interval 0 < t < t1 
in which the same is true for pS0

1A(t)S 0

if we replace c by 2c and 6 by 6. Let

if t~~> 1
t =~::

l~_t/t 1 if t1 < 1

the n the system

( 3 . 1 4 )  dv/dt = a
0
S
0
1
A (t)S

0
v

is essentially negative dominant for 0 < t  < 1.

— 3~~1 —
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At t = I we 1:0 t i t y  t n i s  pru - t ..- ss  :~u;: e wh it .  By ( 3 .  5) the stretching

shall : ; , t  in ~~~~~~ too t a s t .  Also , in mar 17 - i s e s  S~ is a good approximsi —

i~~t i t u r  S .  l b  : etu r s :  we per ( o r : :  t t = t
1 

a~ a p re l iminary  scal ing

t — t
1 

= :1u
0

( t — I s )  1 t 2 , ~nd the  t r ans f orm at ion  u = S0 y to obta in

( . 1 5 )  . )u / d t = . :~ 0 S0
1A ) t ) S

0 u .

1: ( 3 . 1 5 )  is e s sen t i a l l y  nega t ive  dominan t  then we use ( 3 . 1 5 ) .  Otherwise

v.’e use the ur o . ess as described earlier to construct  a matr ix  T(t
1

)

such  tha t

( 3 .  l u )  )3da 0 f~~~t1
)S 0

1A(t 1
)S 0 T(t

1
)

is essentially negative dominant. If I T f ’I is of moderate size then

.ve :iroceed as earlier . Otherwise we return to (3 .14 )  and replace a
0

and t 1 
by a0/2 and t1/2 respectively and restart  the process.

Eventual ly the procedure will stop because in the worst s i tuat ion

d(a 0/2~ )S 0
1A (t

1(2p) S0 will be of mode rate size . Then we can choose T = I,

i . e .  S0 = S1 and proceed as earlier.  In this way we determine t
2

a ni  the fo l lowing t and construct a system which is piecewise negative

d o m i n a n t .  The new system is treated as stated earlier (see ( 3 . 9 ) ) .

We shall now i l lustrate the technique for a simple example.  Consider

the differential equation

cy ’ + ( a ( t )y ) ’ + b ( t )y  0 , t ~ 0

wi th  in i t i a l  conditions

y(0) = y0, y ’( O )  = y
1

-40—
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He :- - u > 0  :s a .;u ’ . i l l  ‘ u : : . ;t , . ir i t , x l i : . s) L w i t h  a >  0, b ’  b
0~~~

0 ire

smooth t u r u t i ons  s t  n io .ierat e size . We w r i t e  th e  above equat ion us a

i t . ;  t ui  icr  s y s t e m  by  in t ro . :uc ing  new v ar i a b l e s  y~~ = y , iy 1 2
~/dt - b(t)y

in , .) ob t  u n

(1) ~ 1)

( 3 . 17 )  =11 _ i C C 
= A ( t ) y .

( 2 )  - 
(2)

y ’ u~ t) 0 y

I f a: t) > 1 and I b ( t )  I <. c then the system is essentially negative

dominant  sin s nothing needs to be ione.  Otherwise we t ransform the

:t . a t r i x  A fo r  t 0 to upper tr iang ular form employing a uni tary  transforma-

t ion  U U ( O ) .  The e igenvalues  \ of A(0) are the solutions of the

c n c i r a C t~ r i S t i c  equation

+ a( 0)~ + b( 0)  = 0

i . 0

- ~~~~~~~~~
- sign a~ ~~ 

a ( O )

- + si gn a i- ~~~~ + 
a ( O )

Obse rve that for I a I >> N~~~ the two eigenvalues have the form

1 c 2 cX 1 a(O )

Fur thermore  b < 0 i m p l i e s  that 
~~ 

are real an d

I~ l ( o ) I  ~ Ib (o)/ e I 1
~

2 .

—4 1— 
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The cigenvec tor  corresponding to is given by

1 
2 1/2

e
1 = T T = (1 + (b(0)/k

1
(0))

b(0)/k.(0)

m i  the desi red un i t a ry  t ransformat ion  has the form

1 - 
b(O ~
(0)

U(O) = T

b( 0J
+ 

~l
(0) 1

The n

~ (0 )g ( t )  - -~~

B
1

(t )  = U *( 0 ) A ( t ) U ( o )  
d~~) b (O)

c~~(0) ck 1( O)

with  d ( t )  = b ( O ) ( a ( t )  - a ( O ) ) ,  and g(t)  = ~ + Thus d(O )  = 0, g(0) = 1

and B
1
(t) is upper triangular for t = 0. The condition (1. 3a) is always

sati sfied. However , (1. 4a) does not need to hold , because > 0

and = 0(l/~.ic) when a( t )  = 0. To satisfy condition ( 1. 4a) we

perf orm a stretching t = 13t , where

b( o) 
., I

1 if 
c~.1

(O) 
‘

~ 

C

(3.18) = cc~ 1(O) 
. b (O) I

t~ 2b(O) ‘~ k (O) 
> c

—42— 
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t h e n

-

B 2 ( t )  = 11B 1(t )  
i3d(~~t) ~3b(0L
c\

1
(0) c~~(0)

‘I’hc next  step is to apply a diagonal scaling

2

c\ (0) 
0

0 1

Let v = D
1U y .  Then (3 .17 ) b ecomes

(l~ 1
(0) g ( (3 t ) - 

~~

( 3 . 1 9 )  
~~~~~~~ ~~~~~ 

~

c
2
\~~0) 

c\
1
(O)

Denote by

1c~~i(0) b ( O) 
~k

cc)~.1
(0) ( 2 b ( 0 )  if ek 1

(0) ~ 2 C

(3.20) t
l
<
2pb (o) b(0) 1

L I if 
ex

1
(O)

>
2~~~’

the lar ges t value such that for all ~ wi th  0 ~ £ 
~

(3.21)  a (0) - a(~~ ) > - 
~~ 2~ d(~ t )

c~ (0)  — 4 1 
c
2
~~ (o) 

— 2

and introduce a new variable t by t = t
1
t .  Then (3 .19 )  becomes

— 43-
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dv 
(‘~.‘l 

0 ) g ( ( ( t
1~~) - 

~~~

3 . 2 2 )  t I
Ut  I I 2~3d ( 1 3t t )1

c~~ i O )

and the l as t  sys tem is e s s e n t i a l l y  nega t ive  d o m i n a n t  for 0 < ? I . The

.‘ ui i  l i t l o n s  (3. 20) an . .i (3 .  21) are s a t i s f i e d  i f  we choose

( 3 . 2 3 )  t 1 
= c

1
cI kl(O) I

Here c
1 

is a cons tan t  which  depends on c , b and da/dt but not on

c. Also , the conditions (3.9) are e ssen t i a l ly  sa t i s f ied  and no fur ther  s t retching

is necessary. Thus, the interval length 0 < t < t
1 

is given by

= cons t .  c I ~ l 
0)  I .  In general we get

- t , = const.  c I > ~(t , ) IH-I i

There are two d i f fe ren t  s i tua tions

1) a( t )  > a0 > 0 everywhere . Then c I I I a/b I and the interval

length never becomes very smal l .

2) a(t)  = 0 for some t = t .  Then c l k ( t ) l  O(\c) and the

interv al length deminishes exponentially to O( \ c )  when t approaches t .

This is completely in acco rdance with the behavior of the solution of the

d i f f e r e n t i a l  equation.
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4. 1 )i t t eren ce  approxi m at ions

In t h i s  s~.- ‘t i on we :ons t ier the sys tem ( 3 .  1)

( 4 . 1 )  :. iy/ :lt  A( t )y  4- I ’~t ) ,  t > 0

an . i p p r o x i n : m t e  i t  by genera l  ‘i i f~cr en~.se a p p r o x i m a t i o n s .  We start  wi th

rn u l t i s t t . p  mc-t hu :5 ,

1 .  2) L[ u j  ~ . I kp A( t ) ) u  = -k 

=~
_

~ 

P~F(t ~~~1
)

where i
l = 1 in s)  p

1 
< 0. We write (4.2) as a one-ste p method

~4. 3) v = B(t , k)v + kF , = 0,1,2, . . .
I) v

- .v it h

v U u~~ - ~~~~p . F (t .)

v = = , I i i r k ~~~~1
A( t

1
))

1

n :r + l ) )  u

k)  . . E
r
(t

~ 
k)

I 0 . . .  0

B(t , k ) =  0 I 0 . . 0

0 . . 01  0

where

E .( t , k )  - -11 + k~~~1
A (t  + k) ) ’(a, I + kp A(t - j k ) ) ,  j = 0 , 1, . . . , r .
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i ’h i: aim of th is  section is to prove theorem 1. .1. 1 or t h i s  w :

the to l lovi :n ~ two well  known 1 e : n n i u t ~~.

~~n, ni a_ . 1. 1 .  Consider  a class ~~
‘ of problems an d  a s sume  t b - i t  t h 0

ap p r o x i m a t i o n  is s t ab le  for th is  c lass .  Let A: t) be the  d e f i n i n g  m a t r i c e s

an d  c cn s i d er  th e  class ‘
~
‘ of probl ems where A ( t )  is r ep la ce-. : by

A ( t (  Al t) + BI L) . If the B ( t )  are un i fo rmly  bounded then the ~ippr ox im ~t ic,Ii

is also stable for the class ~~
‘.

Lemma 4. 2. Consider a class ~( of problems and assume that

there are constants r~ > 0, K > 0 such that for every proble m in

1) the interval of integration can be divided into subintervals

t , < t < t . wi th t — t , > q— i-f l i+1 1
—

2) there is a t ransformat ion T , ( t )  in each subin terval  which  s a t i s f i e s

I T ~ I 1T ’I + I d T 1/dt l < K

3) the appro ximation (4.  2) is stable in each subinterval  for the

transformed problem

d y/dt = Ay, A = T.
1AT . + T .

1dT ,/d t

If the local stability constants K1, K5 are uniformly bounded then

the approximation is also stable for the class ‘(.

We make

Assumption 4.1. We consider a class ~7(l2) = ~~~~~~ c , p , 6 , K) (see

defin Ition 1. 2) for which c = 0 and 1 - 6 is sufficiently small. Also,

the app roximation (4. 2) satisfies assumption 1. 2.
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This  a s s u mp t i o n  is no r e s t r ic t i on .  1) If  C 1 0 then every

A € ‘
~~~ ( t ~~~ ) can be wri t ten in the form A A1 

+ B
1 

where the B1 are

u n i t o m n : I y  bounde d.  By lemma 4.1  we can neglect  B1
. 2) Let A(t 0

)

s a t i s t y  the inequa l i t i es  ( 1. 3a), ( 1. 4a) and (1. 4b) with c = 0. By lemma 2 . 2

A t  ) t
Ic 0 < 1 i . e . ,  the relation ( 3 . 2 a )  is sa t i sf i ed  with = ~~ c = 0.

Fur thermore , for every eigenvalue )~ of A(t 0 ), there is an a such that

I x - a.. I ~
‘ ~ Ia , .  I < (1 - ~)lReal a . I

— 1) 
— 

i i

j�i
Therefore .

Real x l  > a I R e a l  a , ,  I , Im x l  < j I m  a .. I + (I - o ) l R e a l  a , ,  I

< ( p  + 1 - 8) I Real a , I < 6~~( ~~~~~
+ 1 - 6 ) 1  Real x I , 

—

and the re lation (3. 2b) holds with c = 0 if we replace p by

p 1 (p + 1- 6)/6 . Thus , if A(t )  € ‘~(l~, O , p , 6 , K) then A(t 0
) €

Furthermore , A(t) - I is negative dominant  and , by lemma 2 . 4 , the

logari thmic derivative (A - I) 1dA/dt is uni formly  bounded. Therefore ,

by theorem 3 .2 , we can transform the class ~~~~ to another class “ ( ~~)

where 1 — 6 is as small as we like. The trans formation is piecewise

constant for every A and IT , I I T , 1 I is un i formly  bounded . By lemma 4 . 2

we need only consider this new class.

To s impl i fy  the notation we shall use

Definition 4. 1. A(t) is weakly negative dominant if (1. 3a), (1. 4a)

and (1. 4b) hold with c = 0.
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We .;h , 1 l1  also s i m p l i f y  the  l i t  t e r e n s : e  approximat ion.  fo r  c 0

t h e  m a t r i c e s  A~ t (  — 1, A: t) € ‘m ~:) ire n e j u t i v e  .-.i o ;r i n a n t  and , by l emma 2.

( 4 . 4 )  A t  - ) k )  - I (A ~ t)  - 1) ( I + j b 0 . ( t , k))

‘.vm -to tn t . ’ C . ~re u n i f o r m l y  noun ie . :. i’h .- ma t r ices

i . ~~) L .( t , k )  = (I  + k~i 1A: t) ) l
~~~I .

+
. k p . A (t ) )

are ~ni : ur n i l y  Pc unied  and have un i  k r n ly boun : ie ’(  de r iva t ives .  Further-

more , b y ( 4 .  4) .

E .( t , k) = K i t , k) + kC (t , k)

.vhere the L .( t , k) are u n i f o r m l y  bounde d .  Therefore , by lemma 4.1 ,

we can r e p l a ce  ( 4 .  3) by the di f ference  approximation

s) - . )  v = B I t  . k)v + kF , = 0 , 1, 2 ,
v+l m, v V

;vneru B has  tne same form as B with E . replaced by E . .

‘
~
‘
~ s- consiser  now some special cases. Let k be fixed and denote

by  
I) d the class  of problems where A is negat ive  dominant  and

k A I  < a for all t. Here d is a sufficiently small constant. By (4.5)

E , = a . I + ~~kA + kAQ , kA , ~~~ . = -a .~~ 1 
+ ,

where Q are analy t ic  f ; n .: ticns of kA . Therefore we can write the

mat rix B(t , k) i n the form

B = B
0 

+ AB 1 + AQA

where
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~~~~~

P A t) 0 . . . . 0

0 kA(t) 0 ... 0

A - A ( t ) - 
. . . .

0 . . 0 k A ( t )

a~~l 
~~ ~r

1 ~oI ~i I . ..

B 
I 0 ... 0 - 

0 . . . .  0
B 1

-

0 . 0 1 0 0 . ... 0

m d  (~ t) is  an ana ly t ic  t u n c t i o n  of PA.  By a s s u m p t i o n  1,2 , the approxima-

tio n ( 4 . 2 )  is s tab le  in th- .. u sua l  sense. 1he re :o ’r - ~: , there is a nonsingular

t ransformat ion

t I . . .  t I
11 l r t l

T z  . . .
t +11

I t +1 +1
I

such that

D1 
0 . . 0

0 D 0 . .. 0

T B T  = . 

2

0 . . 0 D
5

where

D . = ~~(O)I , I ~~(o) I = 1, j = 1. z . . . . . s - 1 , K , � for j ~ i ,

and

I D I < I - cr , Cr = const. > 0
S
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‘ an  :ons i :t er  tb m a t r i x  as ~ 1j t : 1 t U f L~~ t i O f l  of B
0

. ‘ l ) i . ::e

can u se  th e  to l l s ..w i n ’j  U ;e u r n  of B. 1 .n ; c l u i s t  [ . i j .

il , ~..r - . .’ ; ; .  1 1 ‘1 here  is a t r a n s f o r m a t i o n

H T + AR

,-:. . - ‘ r t :  13 is an . .~n a I y t i c  t u n  : tion of r :A such tfl 1t

I n ‘ )  HBH 1 
= D + AcA

‘iso . . is it :  n .. i l y t c fu n c t i o n  of .A an:.)

K
1

( O ) I I  + ka
1
A) 0 0

0 
~ 2 0) I P:~ ) A) 0 ..  0

0 . . . . . . 0 . ..  D + k g A
5 5

~
‘

.‘ can nc’~i prove

L . (.. .onsi  . :ur tn e  c lass  ot r , b l c - m s  0 F or  s u f f i c i e n t ly

sm a l l  a in s V. trier- : ar :  . on s t  a nt s  ‘~ ~ ~~~~ 

~is > 0 such tha t  the

.,o lut ions  of ( 4 .  : s a t i s fy  the e s t ima te

~q(t
( 4  ‘5 ) vi ) I < K

1 (e V lv 0 I 
~~~~~ 

A ’ t ) F ( t )  I )

w i t h

4 1 10) 5 ( t ) a(t )k, a l t) = max Real a .~
(t .)

0 < j ~~ v — l

I r’ ..~~~~ Le t w = H v , then the equat ion ( 1. 6 )  can be wr it ten as
V V V

(4 .11)  H H ’ w = (D + A Q A )w + kH F
v v l  v ’~l V S V V V V V

by  lemma 2. 5

t * k )  k .A: t ) i  I + kC(t , k) )

wh- ri’ U :s u n i f o r m l y  b ou n se  . There t c .r c
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II 1I~~ r~A
V ~

.~;nere  I’ is ,i lso u n . t o r r ~ly  : . u a t i  : 1  . L ~r ’Lr1 ’r m o n : .

PH 1 . . A C ~~i r~ I A u
V V V I ’ V V V V

w i t  n

1. 12 , 1 Ic I < con st .  ~ A 1: t  ) I ~~t . ) I  < c on st .  ~ A 1(t  . ) F ( t
I- 

~
‘=

~~ 

V V J  V J  V J

f i r s t  cons id er  the homogenous  equa t ion  ( 1.  11) , i .  e. , I = 0. For

su u i cu .’n t l y  smal l  , t h e  row sums  R,
U of the r i gh t  side of (4 . 1 1 )

:~in o- ,. e s t i m at e . :  L~’

— ~, for the  rows cor respond ing  to D

R ~ 1 g , k Real a . . g . k Im a , . ± 1, 1 - b~g kIReal a , ,

1 j  ii  j i i  I i i .

; .  13) f const .  i l k  Real a , + P in: a . . I
i i  U —

< 1 - I g . k Real a , ,  I const .  . i~ 1 ~ 6 ) 1 k  Real a , . I e

1 -  ~~g . k l R e a l d . i othe .~~ise . 

U —

F i r  the  row s u m s  R 2 of the le f t  hand side we obtain , correspon singly

R > I - con st .  Real a . ,  I
ii

~nd the lemma follows fro m F = 0 .

Now assume that w = v = 0. Consider (4.11) for 0 < t , < t
0 0 

_
J

_
V

and let ~~~~ = max I w c l )  I = lw II .  Using row Cr of (4 .11 )  with v + I =
i , j  J

we obta in  from (4 . 1 3 )

The row sums of a mat r ix  (a . .) are def ined by 
~~l 

Ia ~ l~ i = 1, 2~~ . . . n.

-5 1-
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~~~ - 0 P ) ) l l w~I ~~~o n s t .  (~ ~~~ a l  j G I I

d~~i ~ 0~k ) ; P  I Real a , .‘; < c jn s t .  rt . <e~~I a I l~c ii) ii _ —  

ii

. ,
~~ h U C V e S  tn . ’ ~ a m a .

t ic: ra nt  spec i a l  case is tr eat~ in

Le:~in i a 4 . 4 .  ~~ t .i~~, d 2 be cons tan t s  w i t h  0 
~ 

‘s~ ~ J 2 , and k

be t : xe~) .  ( ‘un s i d e r  all problems belong :nq to ~~~( t 2 )  for which the ei~~..n—

v a l u e s  of the  ma t r ices r’J~ belong to t a . ,  (see de f in i t i on  1. 2 ) .
‘1’ ~~~

there  ar u  .~~~. . n st a n t s  K 25 and r , w i t h 0 < t < 1 , such t n a t  the

.sc , lo t uo ns of ( 1 .  r . s a t i s f y  the es t imate

) F( t .)
( 4 . 1 4 )  v ( t ) I < K 2~~( (u ~ 0 ( k ) ) ~ I v

0 
max 

I - + 0(k)
0~~~~~) < V

Proof. The e igenva lues  K of B have , by a s sumpt ion , the property

tha t

1K I - T

F a r t n e r r n . r -a , B and dB . ’ :Ft  are u n i f o r m l y  bounded.  There fore , we can

w i t h o u t  r e s t r i c t i o n  a s s u m e  t n - a t l B I < I — T , Otherwise , we can f ind

a t r a n s f o r m a t i o n  T wi th  T I  I T ’ I + I~ i T/ dt l  u n i f o r m l y  bounded such

—1tha t  TBT has this pro per ty .  Also ,

k I F ~~! ~ const.  
~~~~~ 

A t ) F ~t .)  I ~ con st .  
j~~~1 

I A 1 t V . ) F ( t  , )  I .

Therefore , ( 4 . 1 4 )  follows from known p r inc ip l e s .

—
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can n . ’ .’.’ pu . ve f i r  or cm 1. 3 t j r  trr t .~ . use t ha t  the approximat ion

1 . 2 )  is s t ron .~ly  s t i l t - for tr ic c la ss  ‘ ‘ i )  of sa ~t I a r  equ .1t io n s .  By

l e m ma  1 . 2  ‘.‘.v n e c . )  C a r l ’ s  o r e -v t ’  1 c 1 . t  i t  i l i t y .  t V -  a n s i  P r  thc  hon ogenous

sy st e . : :  1 . 1  in tn .’ nei ; r r r a u r r ~ 1 o f  ::xe ’l po in t  t
0

. By l e m m a  4 . 1

we an i s su r . e  t n j t  A t i  i s a’ .- .~~i t i v - -  l o w i r i  o f .  Let k b~ f ixed  an

a > 0 .m :on s t . i n t .  lh - -n  . . . in  w r i t - -  A t
0

) in  t n t : t o r n .

A t ) A t
i i  I) lb 0

A t ) -  , .i ‘ > ‘~~~ > I a  H0 I I  — — nnA , 1 t
0

) A 2 , t
0~

wh or e  A , t 0 ) is t h-  l . r~ - . s t  s ub a . s t r i ; ’ :  :ar w n i a n  b k~~2 ,
(t

0
) I ~~. For

eve ry  ei .) - an vj l ’_ .o \ of A ta r- is , by the I. r ’~ sn ’Jor in  e s t im . . m t . t s , ‘a

d i agona l  e lement  a wi th

n
- a . 1  ~ ~ I a  . 1  < ( I  - 6 ) j k e i l  a . i . e  . ,~~ \ I > 6 . a

ii -
. -~ i J  

- U 
- 

Uj = 1
.1 = i

Fur thermore , the row sums r of A s~m t u s t y  the e s t i m a t e  kr > d.

Therefore

I kr . - k ~ Ia , . I  > ~~d - ( 1 - 6 ) I k a . .  I
ii i ~ U

J~~i

Thus I k a  I > .1 and the e igenvalues  \ (A ) of A satisfy the estimate
i i  — 4 I l  11

I k \ I A  ) I  > 
1d6‘ 1 1 — 4

By l r .’mma 2. ~ , ~her e is a nei ghbourhood It  - t0 I rj , T1 > 0 a constant

indepe ndent  of A and t0 , such tha t  the mat r ices  A ( t ) ,  i = 1 , 2
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P ‘~‘e ~ne p a . p e t t y

H I i. I~ \ A  
1 

)( t)  > d
1 , 

d
1 ~ Pt

the pp’r x u r r a t i o O s  (4 . 
~~~)

U .  1 ’ )  v~~~] = B t 1 1 ( t
~ , k )v [ 1  I ~~ t l  I

I ~ ~~~ 1 2 ?
I t .  17)  v ’ ‘ = B 1 I t  , P )v t k [’1

v+ 1 V V V

n or  tO e 5Ut l i~ y s t ems

( ‘4 . 1 ~ ) dy t 1 i / ~t - A
1 ~[ 1] 

+ r [ 1 J

[ 2 J  [ 2 J  [ 2 J( 4  U) .iy  / t = A
22

y + F

respe : t iv e l ’~ . We choo se d so small  tha t  ( 4 .  17) s a t i s f i e s  the est imate

(4 .  
~
). Ii 6 1, then the c igenva lues  of A

1 1 
converge to the eigen-

‘iaiu -s \ of A wi th  I k \  I > .i . By assumpti on 1. 2 these elgenvalues

belo ng to 2d 
, Therefore , the e igenvalues  K of B

[ l ]
( t , k) s a t i s fy

the inequal i ty

- T for I t - t 0 I < ~
provided we have choosen I - 6 suf f ic iently small . Thus , the solut ion s

of the sys tem ( 4 . 1 6 )  sa t i s fy  the es t imate  ( 4 . 1 4 ) .

We can now write the differe ntial equation ( 4 . 1 )  in the form ( 4 . 1 8 )

an d (4 . 1 0 )  wi th  F~ 
i J  

= A 12
y~ ~~~, F~ 

2 )  
= A

21
y~ ~ ~~. The difference

approximat ion ( . 1 .V )  can then be represented by ( 4 . 1 6 ) , ( 4 . 1 7 )  and , for

s u f f i c i e n t l y  smal l  k , the es t imates  (4 . 14) and ( 4 . 9 )  give us

-54—
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,1 ~~~ I v~’ I j + . : n s t .  II / ~~ A

12 Ii ~ 
2 J

II I v ~ 2 1 I c on s t .  I1/ ~~A
21 II I v ~ 

I J li

l u l l  max
O~~~j~~~1’

I ’here t o r t  , the r . p roxi rnru ticn is s ta b l e  p r o v i d e

II A ~~A 1 2 11 A 2~~ 2 1 II 0 ( ( l  - ~) 2 )

is s u f f i c i e nt ly  sm a l l .  This proves theorem 1.3 when this app rox ima t ion

is st rong ly  s table .

The proof of theorem 1. 3 for the case tha t  the a p p r o x i r r i t l ’ .. n is  only

st a b l e  is more compl ica ted .  We s ta r t  aga in  wi th  a special  use .  Let

P be fixe ’ : and  let ~ . denote the c lass  of p r o b l E m s  ror whic h A is

ne : ;a t r  ye . .~e - a r i n a n t , is w e a k l y  nega t ive  ‘lominan t  (see  de f .  4. 1) ,

and I ( k A ) ~~ I < d. Then we have

Lemma 4. 5. Consider the class of problems ‘
~ 

,,, . For sufficiently

small  1 - 6 , d and k there is a constant  K 35 > 0 such that  the

solut ions  of ( . 1 .6 )  satisfy the estimate

( 4 .  20) v ( t  ) I < K  ( ( 1  + kdt ) I v  I + k~l + dt ) max I F ( t ,) I )
V 3S V 0 V 0 < j < ’ v

Proof. By (4 . 5),  the  E . ( t , k) are now ana ly t ic  func t ions  of (kA ) 1

and we can write the matr ix  B(t , k) in the form

B(t , k) = 
~~~~~ 

+ A B
1 

+ AQA

where Q is an analytic funct ion of (kA) 1
,

— 5 5 —  
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0 . . . 0

- 
0 (~~~) 1 0 . . .  0

t t  —

~ 0 . 0 . . . ( P A )

1:1 : B0 , B ar - cens t a n t  h a t t i e - e s  of t n - ’ san e form as B
0

, B1. By

ass  a~ . o t t  0 toe I ’ P t u X  i n n : , ~ t i un  is s t ab l e  a a n eu . .j hb o u :  nooc of ~k ~

‘c.’ ’ can .ipp ly the same f. r ocess as u s e a  iii l emma -1. 3. Us ing

th ec r - .- nnr  4 . 1  again we obta in  an equ at ion  of type ( 4 . 1 1 ) ,

w (D ‘ - A ( ~~A ) w  ~~k H F
L V H 11+1 V }) i ’  V V V V

‘cc = H v , H = T ~ AR , R is an ana ly t ic  function of (kA) 1

a n :

K
1

( O ) ( I  t g
1

(kA) ’ ) - . . . 0 . . .  0

K 2
(O )(I±g

2
(kA) ’) 0 . . .  0 

~~~~~ 
I 6~I < 1 - n .

0 . . . . D + g (kA) 1

By a s s u m p t i o n , A is  negat ive  dominan t .  Thus , by lemma 2 . 5 ,

(kA ( t + k) ) ’ = (I  + k C ) ( k A ( t ) )  ~

and there fore

H H ’ = I + kP A , with P uni formly  bounded.
‘S V - fl  V 11+1

Without  res tr ic t ion we can a s sume  that  D only sonsists of blocks

+ g . (kA) ’ ) because the block D + g (kA) 1 has no influence
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on the norm on the e s t i m a t e .  Also , we may a ssume that  all K
1
(0 )  = 1.

I i  n u t , we ‘ . in i  in ~ o . iu e e  a new v a r i ab l e  w by

K
1 

0 . . . . 0

Vo K 0 . . .  0w 2 W
1 V

o . . 0 K s — i

Then we can wr ite  ( ‘ 1.  2 0)  in the form

( 4 . 2 1j  ( I + kP A )w =~~ I t C A  V A Q A ) w  + k H F
V t i+ l  V + 1  V V 1) V V 1) ‘S

where

(4 1
1 0 . - . .

0 g 2 1 0 . . . 0
G = ~

0 . . a g I
s-I

We want to es t imate  W = A w .  Mul t ip ly ing  (4 .  2 1)  by A give s us

( 4 .  22) (I + kA P )w (I + GA + A2 Q )w + kA H F , w = A w
V ~~V V + l  V V V V V V ’ S  0 0 0

Equation ( 4 .  22 )  is of the same form as ( 4 . 1 1 ) .  (Observe that A Q  = Q
V

A
’S

)

Therefore , the est imate (4.9) hold s and we obtain

Iw 1 < K  ( 1w I + k  max I H , F . l ) .
V — i s  0 

0 < J < V

We can now write equation (4 .  21 )  as

( 4 . 2 3 )  w ( I + G A  + A Q A ) w  + k H F + k
2 P w

v+l  V I) V ’ S  V V V V V + l

— 57—
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‘1’ ) . n o  t i c ’ t r  I .  i l  is i i i :  o t  t h e  form (4. 11 ). VJe spl i t  it s  s o l u t i o n

i l  1 2 1
il i te 0.’;’ ; n f . , c; ‘.1 • c.

V V V

U. b ~ 
. 1 i~~ . ( I  .:A ~ A ~ A 1W t i j  

+ k
2 P w , w U I w

~ I V V i . t’ ‘S ~
- + 1 0 0

b S ; ‘ .v t ~ .. Cl U’~ A Q A iw 1 2j 
~ kA H A 1 1’ W i 2 J  

= o
V ‘ I V I’ V 1 V V 1) V 0

th e  .ipprox i : : r  i t tun  ( I .  .1 ~) is stable . There for e we can es t imate  its

su1u~~. ’n b y

I w h h l I 1w I + k t  m a x  ~~~. I <
V — 0 j j

0~~~j~~~ V

I i  const . kdt  ) l w  I + cons t .  k dt  max F l
V 0 V , 3

( 4 .  fl gives us , cor ( 4 .  25) ,

[ 1  ~~~~~ I
1w ~~ < const.  k max IA , F , (  < coast . k max  I F . I

V 
O < J < V ~ 0 C ~~<v

and the es t imate  ( 4 . 2 0 )  follows.

We now consider the ful l  system 4. 1. Corresponding to our earlier

procedure , we can write the matr ix  A in the form

A A A
11 12 13

A A
2 1 

A22 
A

2 3 , a I > I a  I > . . .  > I a  I
11 — 22  — nn

A
31 

A
32 

A
33

in a ne ighbourhood I t  - t0 I < 
~~, ~~ > 0 of every point t0, where A 33 ,

A
1 1 

are the largest submatr ices with I kA
33 I < d 3 and l ( k A 1 i~~ 

I ~ d 1
.

The n there are constants d 21
, d 22 

such tha t
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4 . 2 P )  J < k I \ ( A
22

) I  ~ k I A
22 I —

~~~~22 ’  ~dA 22 ) e ig enva lu e s  of A22

Also

( 4 .  27)  I A ~~A 3, const .  l -  6) ,  I kA 3. I I kA 33
A~~ A 3. I ~~const .  d 3(l - 6 ) ,  ) 1 , 3

( 4 .  2 8 )  IA ;~ A 2 . I < con st .  (1- 6) ,  I kA 2 . I < const.  d 22 ( l  - 6) ,  j 1 , 2

Wi thou t  r es t r ic t ion  we can also a s sume  that

I kA 11 I .~~ coast. ( 1 - 6) , j = 2 , 3

Otherwise , we apply the t ransformat ion

I S S
1 2 13

S = 0 1 0 , S = -A 1A = 2 3
lj  11 lj ’

0 0 I

and a s imple  calculat ion using (4 .  27)  and (4 .  28) shows that S 1AS

has the desired property.

Now consider the approximation (4.6)

(4.28) v~~~ = B
[ 

(t h ) V
[ i I  

+ kF H , i = 1 , 2 , 3 ,

for the subs ystems

(4 . 2 9 )  dy~~~/dt = A .y ~
’1 , i = 1 , 2 , 3

and as su me  that the es t imates  ( 4 .  20) , ( 4 .  14) and (4 . 9 )  are valid . The

full system can be wri t ten in the form (4 .  29) wi th

= ~~~ ~~~~~~~~~~~ .

t�j 1)

Then stability follows in the same way as earlier from the above estimates

provided 1 — 6 is s u f f i c i e n t l y  smal l .
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~‘iii 5 po V c5  t h e u r t  ‘ i n :  1 . a th e  r u s e  tha t  A is weak ly  negat ive

h,t tO Li l a  nt

.‘~~- ci A)  t ic ’,’,’ s f lu ’c.’ t h a t  .,ne can a lways  t rans f orm A
1 1 

so that

h . 1s toe i b c~’e ) ‘ n u o - ’r t y .  hi~.~r t -  is ~ne case for which  th i s  is immediately

t r  U : .

.oWtA ’ ’ì _~,L.~..V Let A h e -  nega t ive  domi nant  and - assume that

l /T ~ I a~ I/ Ia . I ~~, i ~ j ,  i , j = 1 , 2 , . . . , n

‘c ;nt? re “ > i is some constant .  If

T 
~ <~~~, ~ = 

1 - 6

Then A I 
is weakly  negative dominant  with constants

p + o .  0p < 6 < i - ~~~
1 1 + c r ’ 1 1 — a ’

Proof. Let

a
11 

0 . . . . 0

o a 22 
0 . . .  0

0 . . 0 ann

Then

A ’ = (I + A 1 (A - A)) 1 A ’ = (I + C )A ~~~~ = D = (d . . )

The norm of C = (c .. ) sa t isf ies
ii

c i  ~~ 1 6

Therefo re , we obtain
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- Real : , > - Real - ‘ > - (Rea l  ~~~) ( i  - a ’)
a , . ~ a . .~ a . .

ii ii ii

l I n t  .~ I Im ~~I ~ ~ ‘ peal ~~I ( p  F a’ )
i i  a a , .

ii ii U

n o r the .I iu qon .i l  eleme nts d of D. Pur therm ore , by (‘1 . 30) ,

I :  c ‘a . .  <
~ ( T / I a . , ! ~ Ic . .  I ~ Ta ’ Rea 1~~~~I 

T Q  
Real d , , I

‘ i i  i i  — i i  ~~ 
— 1  — a’ i i

3~~ 
j~~i

Th i s  proves the ’  l e m m a .

If the  :.i i a r j onal  e lements  of A are all of the same order of magni tude ,

i . e . , T is bounded , then we can a s s u m e  tha t  A 1~ is weakly  negative

d o m in a n t , because , as we have  seen , we . an m a k e  1 - 6 as small  as

we l ike .

We now consider the case tha t  A contains e igenvalues  of different

orders of m a g n i t u d e  and we wan t  to t r ans fo r m A
1 ~ 

into a block form

which separate s these elgenva lues .  We need

Lemma 4 . 7 .  Let

a ai i  i n

, Ia  u l a  ~~~~ > i a
11 — 22 — — nfl

a ani nn

be a weakly  negat ive  dominant  m a t r i x  and assume that  the:e is a constant

T > 1 such tha t  l a I / I a +~ r+1 ~ T

for some r . If  T ( 1  — ô)/ (T  — 1) is s u f f i c i e n t ly  small  then there is a

— i l  —

,

~ 

_  _ _



t r . x : 1  f o r m a t i o n  S c.: th

n s u x {  s i , 1s ’ I ~ i

5.5 ‘0 t h a t

A 0
1 1

~4.  H )  A S 1 ; . ,

A22

d i r  ~ r + i  r+ l  ‘1r + l n

= 
- . . . 

, A22
-a - . - . a rr a +1 

. . . . a

H c t  - - .he noa ~r i c e s

A - K
u 2 T — l

ar~. .clso -.‘ - ‘ . i e - l y  n e g a t i v e  dominan t  and K
1 , K 2 are universal constants .

! ur t r i L ’r : ; ure , the e l e m e n t s  of S are analytic functions of

(4 .  3 2 1  
a~~~~ a . ’ i = 1 , 2 , . . . , r; j = r + 1 , . .  . , n; p > i , p � q

Proof. Wi- wri te  A and A in the form

A 0 B
11 

B z
A =  A i A - A  = ÷ ( i - 6)

0 A
2 

B
2 1 

B
22

— 

.
~~~1 

~ B
11 

0

± ( 1 - 6)

A 2 0 B 22
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.-; n tsr e

1 

~.: 

~

r f l  r t l

- 

0 a 2 7  0 . . .  0

0 . . . 0 .1
nfl

fo r  S ‘ccc make an ansa tz

0

S =  I + ( l - 6)

T 21 
0

Then the relat ion ( 4 .  3 1) is equivalent  to:

B
1 

+ ( 1  - 6) B
2 T2 = B

1 , B 22 + 1 - 6) B
2 1

T
12 

= 8
22

~ T~ 2 
- A 

1 T 2 A 2 = (1 - 6 ) ( A ’T 2 B 22 
- A 1

1B T 2 )

B
2 1 

~~~~‘ - T
21 

+ A
2

T
21

A
1
’ = (1 - 6 ) ( T

21
B

11 A
1

1 
- B22 T21 A 1

1 )

Neglecting term s of order ( 1 - 6) in the las t  two equat ions g ive s us a

l inear  sys tem

A
1

1 B 12 
+ T

12 
- A 1

1 T12 A 2 0

- T
21 

+ A 2 T21 A
1
’ 0
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‘c.-n i i ch  h i s  .c w i t  .~u - . - ~oj u t i u n  . A i ~ - , ’ 1  ‘ ‘ : .e :i ’, .  o f ‘1’ i r e -  t o .: n o r r r : ( 4 .  32)

i n :  i ts  ‘.-.‘ s u m s  ire o r s u t i  by T/V  — 1) .  I h e p ’ t cj e  the l e m m a  f c llo-c ;:

e iS i1 ’ ~’ 0’..
’ :t ’r . a t l  0 .

‘ s i  :, .‘.~; e - . nn :p l - - t . . ’ r n - ’  p r oot  on :rni : ’ , r - ’ :: I .  3 . t ’ on s i d - r the  m a t r ix

a Ii ir

A 
1

( t :

ar i  rr

r a t i ;~eJ m o i n t  t — t
0

. A s s U m e -  t ou t  the ~~~. , .sre -- ordere d such t a u t

I a 1 1 ( t
0

) I ~~
. l a ,2 ( t 0 ) I . ‘ .  1

r r  ~O

be’, > 1 be- j  cons t an t .  We d i v i d e  the  a into lasses  ~, by
I ii I

the n o l l owin g  oru .:c- .h u r e .

I )  a
11 

€

2 )  .a , , - if a . , ~ ‘ i n ” ,: ~a , . /a , .  < T
j j  1 j -~i j 1  1 j — 1  j ’ I  j j  I

3) I f  doe s not i on t a .In all e igenva lues  then there is a last

a e “ with  a . ‘
~ is then def ined by the f i r s t  two rules

p - I p - l  1 pp 1 2

with  a 1 1 
replaced by a .

This  d i v i s i o n  of the diagonal  e lements  of A
11 

into classes at

t t0 
I e f :n e s  a d iv i s ion  into classes in a whole neighbourhood

I t  — t I < r~ of t , i. e . ,  a L t )  “ . if a . . ( t  ) € “. . By assumption
0 0 fl O i

a . a - i  . dt I -.cre un i fo rm i~ hounded. If we choose q s u f f i c i e n t l y  small
3) A —

then the a . . belo ng ing to the same class sa t i s fy  the condition of lemma 4. 6.
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2h . :~~‘‘  :~~‘1 :‘i : : : t  0 t i t  Ojr ’ ’nt  ci i : : . .  u s  s i t l S  n y  t O - ’  u n ’ : i t i o n  - .~ l emma - 1 .7

vi  o ‘ . s .~~n n : c  - ‘ n n i y  s t a l l .  e - - - , ’ ’ : t c ’  : use of l e m m a  - 1 . 7  shows

i t  .~.
‘ :: ins:r mm A t - .~ L i ’ ,~~. ’b i i a g i . ” n u l  tt . .~rm i ;her ’ every block

s a t i s  n i - -s :.’ .. n i t  ions  ot learn: I . . F u r t h c r n n r o r i .’ . th e -- t r ans  format ion  S

. s s Jc r :  nh  , n  S S 1 :3 A i s  un i~o r r n J y  boun ’.: t ’a .  Therefore

tne~ .r .  1 .  i n~~11 “ ‘s  t r o t : .  l e m m a t . i  1. j L O t  1 . 2  ma the -“~ r 1ie r  s t a b i l i t y

‘ 5 , .. ) : . ,  -

d i f f i c u l t i e s  a r i s e  we c on s i ’n c r  a p p r o x i m at i o n s  of type ( 1 . 2 9 ) .

0’: or . sp l i t  the no ,i t r ix  A into three  part s and it is not d i f f i cu l t

te- pr ,~vc- a n . : lo- ~s on t h e  l e m m a t a  4 . 3 - 4. ~‘ . There fore , theorem 1. 3 als

~ cl as :c. m . cpp rox i ma t iu n : ’; of t~T ’ t (1  - 2 0 ) .
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